Extending the Steinberg representation  by Schmid, Peter
JOURNAL OF ALGEBRA 150, 254-256 (1992) 
Extending the Steinberg Representation 
PETER SCHMID 
Mathematisches Institut der UnirersitEzt T~bingen, 
D-7400 Thbingen I, Auf der Morgenstelle, 10, Germany 
Communicated by li'alter ~reit 
Received December 14, 1990 
Let G be a finite group with a split BN-pair of rank n >/1 and charac- 
teristic p and let Stc be its Steinberg character. Sto is invariant under any 
automorphism of G, because it is the unique irreducible character of G with 
p-defect zero. The degree Sto(l)= IGle is relatively prime to IGI/Sta(I). 
Using this and the fact that Sta can be writen in the field Q of rational 
numbers, the author showed in 1-3] that the Steinberg representation can 
be extended (in some way) to any group E containing G as a normal 
subgroup. 
Walter Feit reviewed the author's paper (see MR 87e, 20018), and at the 
Arcata Conference, 1986, he asked for a more "natural" approach. Such 
one will be given here. For a discussion of BN-pairs and the Steinberg 
module the reader is referred to [2]. 
Our approach is based on a nice description of the Steinberg module. It 
works for any finite group G with a BN-pair (of rank n >/1). Let PI ..... P, 
be the minimal parabolic subgroups of G containing the Borel group B 
(properly). For any subgroup H of G, let Q~ denote the permutation 
QG-module on the G-conjugates HX=g-~ttg. Since we only consider 
subgroups of G which agree with their normalizer, this will be the usual 
concept. 
PaovosmoN. The assignment B~F--*~ P~., x EG, defines a QG-homo- 
morphism 6: QB~(~=Ia  " Qe ~, whose kernel Ker(b)=Sta affords the 
Stehlberg character. 
Proof. -Recall that every parabolic subgroup of G is conjugate to a 
unique standard parabolic P~B, and that P is abnormal in G I-2, 65.19]. 
In particular, N~(P)= P. 
Let us first verify the proposition when therank n = 1. Then G = P~ acts 
2-transitively on the G-conjugates of B. Thus here Ker(6) affords the 
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unique nontrivial (absolutely) irreducible component of Go a which, by 
definition, is the Steinberg module. 
So let n > 1, and let A be the Tits complex of G. This is the simplicial 
complex whose vertices are the maximal parabolics of G; a set of such 
parabolics is a simplex if their intersection is parabolic. G acts simplicially 
on LI by conjugation. 
It is clear that ,d is a regular G-complex (in the sense of Bredon I-I]), 
i.e., every simplex is a G-conjugate of a simplex consisting of standard 
parabolics. Moreover, every simplex is uniquely determined by the inter- 
section over its vertices. Thus we may identify the simplices of A with 
parabolic subgroups of G, so that for parabolics P, Q, P is a face of Q iff 
P >/Q. The chambers of zl are just the conjugates of B. 
For any integer q>~0, there is a G-invariant orientation on the 
q-simplices: Choose any orientation for representatives in the different 
G-orbits, and use regularity. It follows that the group Cq(LI) of oriented 
q-chains (with rational coefficients) is a permutation QG-module on the 
q-simplices of ,d. Ordering the maximal standard parabolics of G 
appropriately, the boundary operator O:Cn_l(A)'--~Cn_2(z]) may be 
written (on a Q-basis) as 
Since 
O(B~)= ~ ( - -1) '+'P]  (:~eG). 
i= l  
n 
as permutation modules and since C,,(zJ)= 0, we see that Ker(6)= Ker(0) 
is nothing but the homology QG-module H,,_~(A). By the theorem of 
Solomon and Tits (see [2, 66.33 and Ex.3 to Sect. 66-1), H,_~(A) affords 
the Steinberg character of G. This completes the proof of the proposition. 
Remark. The proposition illustrates the characterization f Sto (under 
the irreducible characters of G) by the multiplicities (Sto, 1~)= 1 and 
(Sto, le6,)=0 for all i= 1 ..... n [2, 67.10]. 
Now suppose G has a split BN-pair of characteristic p. Then B= No(U) 
for some Sylow p-subgroup U of G [2, 69.91. Thus by the conjugacy part 
of Sylow's theorem, every group E containing G as a normal subgroup 
acts on the parabolics of G and (simplicially) on its Tits complex. In 
particular, E acts on G~ and Qpo (extending the given G-actions). The map 
6 of the proposition is a QE-homomorphism. Hence Ker(6) = StE is a 
(distinguished) QE-module extending the Steinberg module. 
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